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ABSTRACT: In this work we obtain classical solutions of the bosonic sector of the super-
membrane theory with two-form fluxes associated to a quantized constant C'y. background.
This theory satisfies a flux condition on the worldvolume that induces monopoles over it.
Classically it is stable as it does not contain string-like spikes with zero energy in distinc-
tion with the general case. At quantum level the bosonic membrane has a purely discrete
spectrum but the relevance is that the same property holds for its supersymmetric spec-
trum. We find for this theory spinning membrane solutions, some of them including the
presence of a non-vanishing symplectic gauge connection defined on its worldvolume in
different approximations. By using the duality found between this theory and the so-called
supermembrane with central charges, rotating membrane solutions found in that case, are
also solutions of the M2-brane with CL fluxes. We generalize this result to other embed-
dings. We find new distinctive rotating membrane solutions, some of them including the
presence of a non-vanishing symplectic gauge connection defined on its worldvolume. We
obtain numerical and analytical solutions in different approximations characterizing the
dynamics of the membrane with fluxes C'y for different ansitze of the dynamical degrees
of freedom. Finally we discuss the physical admissibility of some of these ansétze to model
the components of the symplectic gauge field.
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1 Introduction

Classical solutions of membrane theory can be useful to understand better the M-theory
properties of its fundamental elements. Other historical interest in this study has been
focused in the context of a generalization to M-theory of the nonrelativistic strings formu-
lation on AdS spaces, see for example [1].

Rotating membrane solutions are compelling studies for a variety of reasons: they can
be sources of supergravity solutions in eleven dimensions that can describe charged rotating
black holes in lower dimensions, see for example [2, 3], they can provide a preliminary signal
for interpreting membranes as extended spinning particle models for those cases when they
become well-defined at supersymmetric quantum level on a proper background, or they can
even describe spinning solitonic solutions. The existence of membrane solitonic solutions
was discussed in several works. For example in terms of solitary waves in [4], in the context



of Q-ball matrix model [5], as instantonic solutions [6], or in terms of membranes formulated
on hyperkéhler backgrounds [7, 8].

In the literature the study of the classical solutions of the membrane theory firstly
appeared in [9]. It was shown that spherical and toroidal membrane solutions could be
obtained from the membrane when it is embedded on spherical backgrounds. In the context
of matrix models it was discussed in [10]. Spinning solutions for the membrane were
proposed in [11] formulated in the Light Cone Gauge (LCG). Other spinning solutions for
the 11D membrane matrix model on a pp-wave, i.e. in the context of BMN matrix model,
were found in [12, 13]. Rotating membrane solutions with the conserved charges in M-
theory were studied in a series of papers [14] in the context of G2 or AdS manifolds [15-18]
also in the presence of global U(1) symmetry [19]. The formulation of spinning membranes
toroidally compactified on Mg x T? appeared in [11, 20]. This last one is the set-up that
we will analyze in this paper for a background with fluxes C.

Recently it has been observed that the supermembrane theory toroidally compactified
Mg x T? on a background with a particular choice of quantized constant three-form com-
ponents C1 [21]. It induces a two-form flux on the target torus whose pullback generates
a two-form flux over the worldvolume of the supermembrane. This condition implies the
existence of a central charge condition on the worldvolume. Furthermore this theory is
equivalent modulo a constant shift, or ‘dual’ to a toroidally compactified supermembrane
with central charges. The supermembrane with central charges was studied in [22, 23] and
it is responsible for the generation of new terms in the Hamiltonian that render the su-
persymmetric spectrum purely discrete with finite multiplicity from [0, +00) as rigorously
proved in [24]. Consequently, it can represent part of the microscopical degrees of freedom
of the M-theory. It is a well-known fact that the supermembrane on M7; has a continuous
spectrum [25] and this behaviour does not change simply by compactifying the manifold.

The discreteness property of the supermembrane in the presence of fluxes C1 that we
refer is -up to now- a condition particular to the cases considered. The spectra of both
theories (the one with a central charge condition and the one with fluxes C1) only differ
on a constant shift. We believe that the understanding of the dynamics of the bosonic
sector of these well-behaved supermembranes, is an important step towards its full-fledged
characterization. A characteristic of these membranes, different from the usual ones is that
classically they do not contain string-like spikes with zero cost energy [26], hence classically
they admit an interpretation as extended objects with preserved topology that do not split
into pieces.

In this work we obtain some solutions to the equations of motion (E.O.M) associated
to the bosonic sector of the supermembrane (also denoted along the paper as membrane or
M2-brane) toroidally compactified on Mg x T2 formulated on the LCG on a Cy background.
This simple target space still captures all of these new features. The membrane with fluxes
has a symplectic gauge field and a nontrivial U(1) gauge over its worldvolume.

We compare our results for a vanishing symplectic gauge connection with those of [20]
adding the topological flux condition. This condition is equivalent to impose the so-called
central charge restriction [27]. The central charge condition is a geometrical condition
imposed on the wrapping of the membrane around the compactified target-space that



induces the presence of monopoles over the worldvolume and generates a central charge in
the supersymmetric algebra.

The dynamical equations for the M2-brane with fluxes are a system of nine non-linear
coupled partial equations highly nontrivial plus three constraints. Moreover, it is known
that those equations may admit soliton solutions when they are formulated on certain
backgrounds. In our analysis we also consider other solutions, that we denote as ‘Q-ball
like’, which admit U(1) Noether charges and for the approximations considered they exhibit
a discrete spectrum. These results open a window for a future study -outside of the scope
of this paper- to characterize further these solutions in order to determine whether they
can truly model Q-ball solitons.

The paper is structured as follows: in section 2. we review the formulation of the
supermembrane toroidally wrapped on My x T? subject to a C+ flux condition. We explain
its relation with the formulation of the supermembrane compactified on the same target
space with a central charge condition associated to an irreducible wrapping. From section 3.
to section 7. we present our results. In section 3. we obtain the E.O.M. of the (bosonic)
membrane on a background C'y and we discuss the type of ansitze that we will explore.
In section 4. we obtain explicit spinning solutions for the M2-brane with fluxes when
formulated in a particular embedding in the absence of a symplectic gauge field. We also
obtained the mass operator of the M2-brane with fluxes Cy formulated in this background
and we show that it contains the energy operator found in [20]. In section 5. we characterize
new solutions for the toroidal membrane that we denote as ‘Q-ball like’, for zero symplectic
gauge field. We perform a numerical analysis and we obtain the first eigenvalues and
eigenfunctions of its discrete spectrum for different boundary conditions. We discuss the
discrete landscape and structure of the solutions with and without central charge. In
section 6. we obtain new solutions to the approximate equations that also include a non-
vanishing gauge field. We discuss several cases: a first one, more restrictive, in which the
approximation is imposed on both of the dynamical degrees of freedom, i.e. the complex
scalar fields and the functions associated to the components of the gauge symplectic field, a
second case in which the approximation is only imposed on one of the complex scalar fields,
allowing to have a mixed dynamical system, and a third one in which the approximation
is only imposed on the functions associated to the functions associated to the symplectic
gauge field. We discuss the solutions on each case. In section 7. we consider the full-
fledged system of nonlinear PDE equations. We obtain mathematical exact solutions for
the case with Z, with a = 1, 2,3 constant, and Z, a spinning ansatz. In section 7.3 we
discuss why these solutions in spite of solving exactly a complex nonlinear seven coupled
equation system they are non-physical since their associated one-form does not fulfill the
physical requirement of exactness required to describe the symplectic gauge field. We
provide approximate admissible physical solutions allowing a symplectic gauge field for the
Z, ansatze considered. In section 8 we present our discussion and conclusions.

2 The toroidally compactified M2-brane with C. fluxes

We review recent results obtained in [21] and [28] in the supermembrane theory in the
L.C.G. formulated on a My x T? background with two-form fluxes induced by the presence



of a quantized constant bosonic 3-form gauge fields C),, .

This is a consistent background of the supergravity equations of motion. The M2-brane
is considered as a probe. When restricted to this background, the action of a supermem-
brane becomes greatly simplified [21]

_ 1 _

S=-T / d?’f{\/—g + £“OT 00 [28UX“(8UX” + 0T 0,0)
(2.1)

+ éér“auae‘r”ava] + ég“vwauxuavxyawxpcw} :

where the (X*(&) represents the embedding coordinates and £" the worldvolume coordi-
nates. 6%() represents a Majorana spinor of 32 components that transforms as an scalar
under reparametrizations in the worldvolume. u,v, A denote the bosonic target space in-
dices awhile u, v, w denote the worldvolume ones.

This supergravity background is an asymptotic limit of a supergravity background
originally discovered by [29, 30] generated by a M2-brane acting as a source. The metric
is given by

[

) k -3 ENT3
ds® = <1 + 6) datdz" ngp + (1 + 6> dy™dy" S (2.2)
r r
for o = 0,1,2, m = 3,...,10 and r = /y™y™ the radial isotropic coordinate in the
transverse space. The 3-form in this background takes the form,

Civs = € (1 + 7{%)_1 , (2.3)
When r — oo, the metric (2.2) goes to Minkowski metric and (2.3) is constant. This is the
background that we will consider from now on.
We now consider the supermembrane action in the Light Cone Gauge (LCG) on a Mi;
target space with constant gauge field Cy,» closely following the definitions in [31]. The
supersymmetric action is [21],

S=T / BELVGA — W0, XGT Tudol + Cy + 8, X C_ + 8, XCo +Cs_}  (2.4)

with! 1
C, = -9, X~ 9,X C_op + §ewauxbavxccabc,
2.5)
1 (
Cy = §s“vauxaavxbciab, Cor =™, X 0,XCy_q,
where a,b,c = 1,...,9 label the target space transverse coordinates indices, and u,v = 1, 2

label the space-like worldvolume coordinates (o!,02). It is possible to fix the variation

of some components of the 3-form by gauge invariance. In particular it is possible to
fix Cy—, = 0 and C_,, = 0. We choose a background with C_,, = constant different
from zero.

n order to be self-contained we include the definitions of [32]: A = —goo + u»g" *us being g™ gss = 6"
and g = detg = —AF (with €% = ™). §rs = grs = 0, X0 X%00p;  ur = gor = 0, X~ + X0 X0p +
0T~ 0,:0; Goo = 200X~ + 0o X “ 00X ap + 201~ 0o6.



By performing a Legendre transformation the following Hamiltonian is obtained

1 1 1 2 _
H=T / d%{ o) [2(Pa —Ca)+ (70, x0,x") } +grsarraasearxa—c+}

—C.)
(2.6)
subject to the primary constraints
P, X"+ P 0, X +80,0=~0 , S+(P.—-C ) H~0. (2.7)

In order to define the physical Hamiltonian X~ must be eliminated. In [21] the dependence
on X~ was eliminated by performing a canonical transformation on the configuration
variables without introducing non-localities. On the new variables the Hamiltonian of the
compactified theory on Mg x T? target space is the following one:

ﬁ:T/EdQU{\]ég B (\%)Z; <%)2+i{xivxj}2+;{xi,xm}2 .
+i{Xm,X"}2] +Vw [0 Ty {X™, 0} + 60T {X',0}] - C+}, |

where the X™,m = 3,...,9 denote the transverse maps from the foliated worldvolume
Y to My and X% i,j = 1,2 the maps from ¥ to 72 and the Lie bracket is defined as
{A,B} = E“\/—%@uA@vB. In the compactified case, in contrast to the noncompact one, the
last term in (2.8) for constant bosonic 3-form is a total derivative of a multivalued function,
therefore its integral is not necessarily zero. This Hamiltonian (2.8) is subject to the local
and global constraints associated to the area preserving diffeomorphisms (APD) connected
to the identity

d(PdX' + PpdX™ + 00" df) = 0, ]{ (PdX' + PpdX™ 4+ 00-d8) =0.  (2.9)
In [21] it was found the Hamiltonian formulation of a supermembrane in the LCG com-
pactified on Mg x T? with a nontrivial two-form flux background induced by the presence
of constant quantized components of the target space three-form, C, where

1
Ot = 56" 0,X70,X Clirs, (2.10)

and Ci,s = €.5c+ with ¢4 # 0 is a constant coefficient, such that it has an associated

2-form flux background F2o°*

. Ci:/TQ FPek — ez, k#0. (2.11)

Upon toroidal compactification the background still corresponds to the asymptotic limit of
a supergravity solution. The quantization condition on the three-form implies the existence
of a topological condition on the background associated to the presence of a two-form flux
condition over the torus whose pullback on the worldvolume acts as an extra constraint on
the Hamiltonian. Due to the flux condition, it is no longer possible to perform changes of
the three-form that could violate it, providing stability to the classical solutions.



In [22, 23] the supermembrane with central charges associated with an irreducible
wrapping was obtained. It corresponds to a M2-brane formulated on Mg x T? subject
to a topological condition associated to an irreducible wrapping. It has the distinctive
property of having a purely discrete spectrum with eigenvalues of finite multiplicity as
rigorously shown in [24]. In the following we will shorten it by MIM2 since it represents a
supermembrane minimally immersed in the background. The embedding maps X™ (7, o, p)
on the non-compact space are defined as X™(7,0,p) : ¥ — My with m = 2,...,8 and
respectively the X"(1,0,p) : ¥ — T2, where r = 9,10, describe the embedding on the
compactified 2-torus. The coordinates of the supermembrane worldvolume are denoted
by (7,0, p) parametrizing ¥ x R with ¥ denoting a Riemann surface of genus one and R
parametrizing the time. The maps X" satisfy the standard winding condition

. dX"=R"m;, (2.12)
where m; are the winding numbers and R" the torus radii. The MIM2 is subject to an
irreducible wrapping condition

/ dX" NdX® =€e"nAr:, neZ/{0}, (2.13)
DN

where Ar2 represents the 2-torus target space area. The above condition is responsible
for the appearance of a non-vanishing central charge in the supersymmetric algebra. This
condition implies that the one-forms associated with the embedding map of the compact
sector, can be globally decomposed by a Hodge decomposition as follows dX, (o, p,7) =
dX, (0, p) + dA (o, p, 7), with dX,, = R"'m3dX,(c, p) a closed one-form defined in terms
of the harmonic forms dX, and dA, an exact one-form. In [27] It was shown that the
integer n associated with the central charge condition is n = detW where W is the winding
matrix. The central charge condition corresponds to a monopole condition given by the
curvature F = e.5dX » A dX} associated to a nontrivial U(1) gauge field F = dA defined
on the membrane worldvolume. The bosonic LCG Hamiltonian of the theory corresponds
to [22, 23]

=1 [ o 5L ) 4 (L )]

—2/3 2 ./ T’ m yn2 T° m\2 T’ 2
+ T /EdO' WZ{X ,X}+?(DTX)+7(~FTS) s

(2.14)
4

where T' is the tension of the membrane and W is the determinant of the induced spatial

part of the foliated metric on the membrane, {A, B} = ﬁe“baaAabB ; is the symplectic

bracket with a,b = 1,2 and 0, = 0,,0, and VW = %eabe,,saa)?abf( defined in terms of
the harmonic one-forms dX of the Riemann surface. The canonical momentum associated
to the scalar fields X™, A, respectively are P,, v P.. Due to the imposition of the central
charge condition, there exists a new dynamical degree of freedom A, whose one-form A =
dA transforms as a symplectic connection under symplectomorphisms. This gauge field is
not present on a toroidal M2-brane formulation without this condition. The symplectic



derivative is defined as D,e = D, ¢ +{A,, o} with D,e = 2rm!0,, R \ﬁ({) Xv9,e. The

derivative D, is defined in terms of the moduli of the 2-torus, the harmonic one-forms d)A(r,
and one matrix ,, with u,v = 9,10, related to the monodromy associated to its global
description in terms of a torus bundle [33]. Therefore, the Hamiltonian contains new terms
associated to the symplectic covariant derivative of the scalar embedding maps D, X™ and
a symplectic curvature F defined by

Fps = Dy Ay — DyA, + {Ay, Ay} (2.15)

The constraints of the theory associated to the local Area Preserving Diffeomorphism
(APD) are:
Dy P+{X™ Pp} =0, (2.16)

and to the APD global constraints,

743 ((;%)8“Xr * (\]/D%)‘%Xm)d"a ~0. (2.17)

In [21] it was proved that supermembrane with Cy fluxes is in one-to one correspondence

with the so-called supermembrane with a central charge condition associated to an irre-
ducible wrapping modulo a constant shift. Indeed, it was shown that

FBack — / F. (2.18)

Hence in the following we will refer indistinctly to this condition as the flux quantization
condition or the central charge condition.? The Hamiltonian formulation of a supermem-
brane on this nontrivial quantized C4+ background corresponds to

Hglixes = Hyive + /E C+ . (2.19)

Hence, both Hamiltonians differ on a constant given by the value on [, Cy and they
have equal equations of motion. This relation between these a priori unconnected two
sectors can be interpreted as a kind of M2-brane ‘duality’.

Furthermore, a third equivalence was found in [21]. It was shown that the supermem-
brane with fluxes Cy+ compactified on My x T? can be expressed as a U(1) supermembrane
on a twisted torus [28] whose connection is defined in terms of the monopole connection
associated to the central charge and a new dynamical U(1) gauge field. It is constructed
in terms of the a multivalued Xy, and a single-valued A, embedding maps,

A= 1eTS(A’"dXh ASAXE + ATdAY) . (2.20)

Understanding the dynamics of those scalar fields as well as X™ is important also in
the characterization of the U(1) gauge field and its associated U(1) curvature, FU(1) = dA.

2Strictly speaking the induced C1 worldvolume flux is proportional to the central charge condition as
c+n, for c+ = 1 the equality holds. One can always redefine the wrapping numbers to absorb this factor
without altering the results.



The symplectic curvature and the U(1) curvature satisfy the very nontrivial property that
FUM) = F when expressed in terms of the embedding maps Xj,,, A,. In this paper, for
simplicity, we will adopt the point of view of the characterization of the curvature in terms
of the symplectic gauge field A without further reference to the U(1) gauge connection.

3 General system of equations of motion

In this section we analyze the system of equations that represents the dynamics of the
supermembrane on a quantized constant background field CL. In the following we will
consider for simplicity the tension of the membrane T = 1. The Lagrangian density of the
theory can be obtained by performing a usual Legendre transformation of the Hamiltonian
density defined as

Hr = VWH. + Ao, (3.1)

where A represents a Lagrange multiplier and ¢ = —¢app represents the APD constraint
given by equation (2.16). It contains the Lagrangian of MIM2, formerly obtained in [34],
plus a constant term associated to the flux contribution. Putting together the central

charge and the C'y flux contribution in a single term K = %nQ + ncy, the action is then,

S = /drda2£T = /deUQ\/WB(DiXm)Z + i {Xom, X} + iffj + K. (3.2

Since the C'y contribution gives a constant term, that is added to the central charge con-
tribution, its equations of motion are equal to those of the M2-brane with central charges.
The symplectic field strength is defined as Fi; = D;A; — D;A; + {A;, A;} and it now
runs over the indices 4,5 = 0,7 with A9 = A and Dy = 0;. The symplectic covariant
derivative gets also generalized D; X™ = D; X™ + {A4;, X"}. As explained in [35, 36] the
gauge freedom of the system allows to fix A = 0 and then the Lagrangian density function
L = L1 — K reduces to

VI = S0+ (] = X Xl = 3 (DX = 1P (33)

The nonlinear system of equations that one has to solve is the following: From (3.3)
we derive the equations of motion for the dynamical fields X™ (7,0, p) and A, (7,0, p)

X™o,p,7) = {Xn, {X", X™}} + {X,, D"X™} , (3.4)
AT(Jv P, T) = {DeraXm} + {‘FTSaXS} ;

subject to satisfy the APD constraint of the theory
DT(AT) + {Xm,Xm} =0 for r=1,2, (3.6)

and the topological central charge condition that restricts the winding numbers allowed for
the harmonic contributions associated to the multivalued maps, X, = R,m:X;(o, p),

n = det(my). (3.7)



In order to find the admissible M2-brane solutions, the system of equa-
tions, (3.4), (3.5), (3.6) and (3.7) must be solved. For simplicity we will also assume
one of the scalar fields constant and we will fix the harmonic sector as in [20], as follows

Xo = constant, X, = R.(nyoc+myp), r=12. (3.8)

For this ansatz VW = 1. There are some differences with the case analyzed in [20].
The main one is associated to the topological restriction imposed called ‘central charge
condition’ Consequence of it is that appears a different degree of freedom, A,. This
field must be single-valued to define a physically admissible symplectic gauge connection
A = dA, in the theory. The E.O.M. for X5 constant, can be expressed in terms of complex
variables Z, with a = 1,2,3 where Z,(7,0,p) = Xog+1 + i1 Xoa+2. They are,

Zc - % 23: ({{Za Za} 77(1} + {{2077a} 5 Za}) + iO: {Xraprzc} 5 (39)
a=1 r=9

A = % y ({Dr 20, Za} + {DZ0, 2.}) + i{}}s,Xs} , (3.10)
a=1 s=9

subject to the APD constraint of the theory:
3 .
0> ({202} +{2.2.)) - DA =0 (3.11)
c=1

Due to the complexity of the equations we will assume a separation of the temporal and
spatial dependence for the scalar field that represents the embedding into the noncompact
sector.

We will assume

Zo = falo, p)e™aT. (3.12)
The E.O.M. for Z, become
10 3 -
Wif, = —02f. lz Ry + 04, + 3" (0, a0y fa)] (3.13)
r=9 a=1
10 3 _
+02,fe lz 2 (Ryny + 05 Ar) (Remy + 0,A,) + ) [a,faapfa + h.c.H
r=9 a=1
10 3 B
RIS Rt 4 0, + Y (0,10, 1)
r=9 a=1

~0, 1.3 [83pAT (0p Ay + Rym,) — O2A” (9, Ar + Rymy)

T,a

+% [(&ipfa@pfa — 02 faOs fa) + h'C'} }

—0,.Y [agpAr (95 Ay + Ryny) — G2A (9, A, + Rymy)

T,a

+% {(agpfaaafa - nga@pfa) + h.C.} ] .



The E.O.M. for A, are:

3
A, = %Rr Z—:l (1m0 fa = 0002 F2) OuFua — (mr 02— mr02fa) Onfu] + b (3.04)
3
£33 [00 oA a — 0,400 1) B o — By (00 Ay — 0y Ao fu) Do ] + i
a=1
10
+ 3 05| Ry (me0y Ay — 05 Ag) = R (00, Ar = my05 Ar) | (9,45 + Bymy)
s=9

10
= " 0,[Rr (nr0pAs — mp0sAs) — R (150, A — ms0y Ay) (05 As + Rsnis)
s=9

10
+ Z 0o (05 Ar0pAs — 0y Ar05As) (0pAs + Remis)
5=9
10
— Z 0p (05 A:0pAs — 0,Ar05As) (05 As + Ryns)
s=9
and the APD constraint in components is

3 10
0=1iw» (0sfcdpfc — Opfcdofe) + Y Rp(0sArm, — 0,A;n,) (3.15)
c=1 r=9
10 . )
+ (05A4:0,4; — 0,A,05Ay).
r=9

The system of equations is subject to the topological restriction given by the non-
vanishing central charge condition

ngmig — N1oMmg9 = n ?é 0 nez, (316)

where mixed partial derivatives independent have been assumed to be independent of the
derivation order 92 o = ('*)f,g. One can realize that the system of equations is highly nonlinear.
We will assume in the following different types of ansatz for the complex scalar fields Z, and
for A,. We analyze different cases for the complex scalar field: i) Z, constant, ii) a Z, with
fo = rqe!kactlape) and constant r,. We will denote it indistinctly as rotating or spinning.
This ansatz was originally proposed by [11, 20]. iii) Z, with f,(o,p) an arbitrary real
function. We will denote this last ansatz as ‘Q-ball like’ in spite of the toroidal symmetry
associated to the membrane worldvolume. The reason for this name is that this type of
ansatz has been used in the context of Q-balls, and the fact that there is an associated
U(1) Noether charge defined as

Qo = 2/ dpdo(ZaZa — ZaZa), (3.17)
b
which for the ansatz proposed corresponds to
Qu=ca [ Efi(,p). (3.18)

In any case, its solitonic nature, if it exists requires a more profound study outside of the
scope of this paper. Here, it represents just a name classifying the type of ansatz. In the
following we will shorten it as QBL ansatz.

~10 -



On the gauge field side, we will consider six types of different embeddings associated
to A,: a constant one, two types of polynomial ansitze that we denote as linear and
‘separable’, a periodic regular sinusoidal solution, a rotating ansatz, and a QBL ansatz.
We will see that the APD constraint as well as the central charge condition eliminates most
of the possible embeddings.

4 Spinning membrane solutions of the M2-brane with fluxes C.

In this section we show that spinning embeddings are solutions to the M2-brane with fluxes
C4+. We will also show that the mass operator of the M2-brane with fluxes C4 contains
the energy contribution obtained in [20] and hence the subset of the spinning solutions
found in the aforementioned paper that also preserve the worldvolume flux condition, i.e.
the central charge condition as also solutions of the M2-brane with Cy fluxes. In order
to obtain spinning solutions of the M2-brane we fix the background component of the
three-form C'y = 0 imposing a non-vanishing flux condition over C_ and we assume the
following embedding:

A, (1,0, p) = constant, Xo(T,0,p) = constant , (4.1a)
Za(T,0,p) = rgetFadtlap)givaT  with g =1,2,3; (4.1b)
X, (1,0,p) = Ry (npo +myp) + ¢p7 + Ap(7,0,p), r=9,10, (4.1c)

where here it is assumed r, to be constant, w, a rotation frequency, k,, [, integers associated
to the Fourier modes and ¢, integers parametrizing the KK modes. The E.O.M. system
particularized to A, = constant is the following one. For Z.:

o= Y05 [ L (R + Ouhu0,50)] — 2008, [, 0,2 — a0 2) + e

r=9a=1

+02,fc [2 (R2memy) + (0 fuDpfu + uc)] (4.2)

02 (B + (00 fuofa) ) = 5001 (02 fudofo — 02 Fudyfu) + ] ]
The E.O.M. for A,, (3.14) are:

= 23: [[(nragpfa - mragfa) apfa - (nraifa — mragpfa) Oy fa] + h.c.} (4.3)
a=1

See that even for A, constant, the above equation is not trivial. The APD constraint
in components becomes

3
= 3" OofeBpfe = Dpfe0a fo)] - (4.4)
c=1
The central charge condition (3.16) must also be satisfied. If now the ansatz (4.1) is
substituted, it is possible to solve all of the equations and constraints and one obtains a
spinning Z, solution with a frequency explicitly given by

3

= 12 (kale — lake)® + > R (nple — myke)? (4.5)

a=1 7‘:9,10

11 -



for I., k. arbitrary and mg, ns satisfying the central charge condition. These results are in
complete agreement with the results obtained in [20] restricted to satisfy in addition the
central charge condition.

In the following, we will show that the mass operator of the M2-brane with fluxes Cy
formulated on Mg x T2 target space contains the energy expression obtained in [20] and
hence, it is natural to explain that all of their spinning solutions, that we denote succinctly
by BRR solutions, that also satisfy the central charge condition are also solutions of the
M2-brane with Cy fluxes, as we have previously shown by direct computation. By using
the mass operator of MIM2 [33], and the duality reviewed in section 2., it is straightforward
to obtain the mass operator for the M2-brane with fluxes,

m|q7 — p|

2
T2/3 [ / 4.
RI.7 > + MIM2 + EC+7 (4.6)

M? = T2(2xR)*n (Im7))? + (
where T' denotes the membrane tension, n the worldvolume flux units or equivalently the
central charge, m is a relative prime integer number, ¢,p are integers denoting the KK
charges, R the radius and 7 = 71 + i7» the Teichmuller parameter of the target space
2-torus.

The first two terms in the mass operator correspond respectively to the central charge
and the Kaluza Klein (KK) momentum contribution. In order to reproduce the BRR
energy expression Mpgrpr from the M2-brane with fluxes theory in the LCG, we fix the
background component of the three-form C; = 0 imposing a non-vanishing flux condition
over C_ and we assume A, to be constant with Z, and X, satisfying the embedding ansatz
given by (4.1). If we assume a rectangular 2-torus, i.e. 71 = 0, and we define new KK
integers as nig = mp,ng = mq, the KK momentum contribution for this ansatz can be
re-expressed as

mlq7 —P\) ng N kk\2 kky2 . -

R S ——— = — —_— = P P = b} = 9 47
(R ) =t = AP PR mo=mp Ag=ma. @)
being Rg = Ri1, and Rig = Ri11Im7. The central charge contribution, particularized to
this background becomes

TQ[(QWRH)QT?, (Imf')]2 = T247['2R3R%0 (ngmm — mlomg) y (48)

where we have used the central charge expression (3.16) corresponding to the determinant
of the wrapping numbers.

Finally, in [20] the angular momentum defined was defined in terms of the frequency
modes as

Jo = /dapés = 4772w, . (4.9)
dpe

Substituting it in the Hamiltonian and using the equation of motion associated to the
complexified embedding maps Z, and the value for the frequency w. whose expression
is (4.2), it is then possible to formulate the mass operator on this background,

~9 =2
E = 2(472T)?/3 Jyw, + (4n?T)2R2R2, (ngmyo — nigmg)? + % + % . (4.10)
9 9
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It corresponds to the energy operator of a spinning membrane obtained in [20]. Since the
M2-brane with fluxes is formulated in the LCG, one plane less is observed. We should recall
that there is an extra topological condition imposed on the M2-brane with fluxes that is not
present in the aforementioned formulation. It restricts the set of allowed spinning solutions
of [20] to the subset that also satisfy it. In summary, we have shown that the BRR results
can be obtained from the M2-brane with fluxes once the background is fixed, i.e. C;. =0
and we have frozen the dynamical degree of freedom associated to the gauge symplectic
connection A, and the ansatz (4.1) is assumed. This background has also restricted the
APD constraint expression to the one used by [20]. Hence BRR spinning solutions that
also satisfy the C_ flux condition (2.13) are naturally contained in the allowed spinning
solutions of the M2-brane with Cy fluxes.

5 New solutions with constant gauge field

In this section we obtain approximate solutions to the E.O.M. using a QBL ansatz on Z,.
These type of solutions had not been considered previously on this target space, and they
are interesting since in principle they could model non-topological solitons. However at this
level, we do not analyze any solitonic behaviour but we just focus on the admissible solutions
that model the dynamics of the M2-brane with fluxes. The QBL ansatz corresponds to
Zo = folo,p)e™e™ a =1,2,3 with f,(o,p) a real function. The set of equations of motion
with A, = constant simplifies to

3
—2fe = 3 [(O2fe0pfa — 202,00 fo+ 0 FeO2pfa — Opfe2fa ) Dpfa  (5.1)

a=1

+ (02 e0o fa — Do Je2 fu + Op ey fa) Do

+ Z Rz (mzag + n%@i — 2nrm7«(9§0> fe
r=9,10
The E.O.M. for A, are nontrivial in spite that A, is constant, indeed they represent a
restriction to the solutions to (5.1):

0= (et - mBy )0t (mehahs— i) 0] - G
a=1

The wrapping numbers must also satisfy to the central charge condition (3.16). The
APD constraint associated to the complex scalar field Z, verifies identically leaving only a
residual constraint over the A, maps that is trivially satisfied for A, constant.

Since the system of equations is highly non-linear in order to simplify it further we
perform an approximation that we denote as ‘small Q-ball. The approximate Z, will be
parametrized by an arbitrary constant A that we will assume to be small with

Zo = Mfalo,p) ™7 . (5.3)

We neglect the terms of order O(A\?). See that this approximation acts on the terms that are
products of f, but it does not affect to the order of derivatives appearing in the equation.
By doing it the equation (5.2) is not considered and (5.1) gets simplified.
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We obtain an infinite set of solutions with a discrete set value of frequencies allowed.
Indeed the membrane eigenfunctions can be determined numerically and they have an asso-
ciated ‘breathing mode’ determined by the frequency eigenvalue. This is a very interesting
result associated to the fact that we obtain an elliptic operator,? that it admits an infinite
discrete set of solutions.

Now we consider the excitations of the M2-brane in the three complex noncompact
planes equal, i.e. that Z, = Z,Va. The motion of each plane disentangles and hence many of
the terms in the equation (5.1) disappear. Indeed the approximation only acts eliminating
the restriction imposed by the A, E.O.M. in (5.2) and it leaves untouched the Z, E.O.M.

In this isotropic regime, the Z, E.O.M. for each a reduce to

— Oy (02F) + Co (02,F) — Cu2f = w?f, (5.4)
with

Ch = ZR%m%, Cy = ZZRfmrnr, Cs = ZR?nz . (5.5)
T T T
The APD constraint is trivially verified and the central charge condition (3.16) must
be satisfied.

5.1 Numerical approach to the solution

A numerical approximation to the solution of the equation (5.4), can start by representing
this equation as an eigenvalue problem,

‘Cpfa(av P) = w? fa(07 p)v (5'6)

using the corresponding eigenfunctions and eigenvalues to represent any particular solution.

With this in mind we have defined £,, as the differential operator in the left side of the
equation (5.4), p = {C1, Cs, C3} the parameters associated to these operator and w the set
of eigenvalues associated to eigenfunctions. For simplicity, we will focus on a single plane.

In order to estimate the numerical solutions, it is necessary to establish boundary
conditions on the boundary (I") of the domain of f. In this case we will present three types
of these conditions: i) Periodic conditions, ii) Periodic conditions with restrictions and iii)
Dirichlet conditions.

In all cases, the parameters C, Cy, and C3 were chosen in order to satisfy the central
charge condition (3.16) with ng, my, R € [1,10%] and k = 9, 10. In this case, there are 10'2
3-tuples {Cl, Cs, 03}.

The figure 1 shows an interesting structure in the distribution of the first 5° of these 3-
tuples (gray dots) and how the 3-tuples that do not meet the central charge condition (3.16)
(big red dots) are inserted into that structure. Although in this case we use a small
subset of the possible values of the parameters, our numerical experiments show that the

3For iCQZ — C1C5 < 0 the equation is elliptic. More precisely, the previous condition is always satisfied
since —Rngo(mgnw — m10n9)2 < 0 for n # 0 and any arbitrary value of the constants Rs, ms,ns. For
vanishing central charge, n = 0 and %CS — C1C5 = 0, then the operator is parabolic.
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Figure 1. Distribution of the parameters of the differential operator. Grey points parametrize
the 3-tuples associated to the central charge condition and red points those with vanishing cen-
tral charge.

structure of their distributions is maintained in larger sets of the order of 10® data points.
The distribution of the allowed discrete solutions in the set of parameters for the elliptic
operator, i.e. its landscape, clearly dominates over those with zero central charge.

It is interesting to realize that the set solutions associated to the parabolic operator
describing the solutions of the bosonic rotating membranes trivially wrapped follows a
radial structure.

5.1.1 Periodic boundary conditions

These are the natural boundary conditions for the toroidal bosonic membrane. Here we set:

f(ov p) = f(27[‘, p)v f(07 O) = f(a’ 27[') ) (57)

with ng = 62, n1g = 28, mg = 70, myg = 73, Rg = 4 and Rigp = 3. In this case the first 9
eigenvalues (w/C}s) are: 5.74486 x 10716, 0.152354, 0.152354, 0.39028, 0.390286, 0.54258,
0.54258, 0.547774, 0.547774.

The eigenvalues are degenerated for the set chosen except the first one. The degen-
eration seems to be removed for larger values of the set of parameters. Although this is
not the case for the particular example considered, see that the central charge can be kept
small for arbitrarily large wrapping numbers.

5.1.2 Periodic boundary conditions with restrictions

The periodic boundary conditions for the toroidal bosonic membrane can admit restrictions
still satisfying the equations. In this case one of the points satisfies Dirichlet conditions. It
is assumed to be fixed to zero. Here we set:

f(ovp) = f(27T,,0>, f(07 0) = f(O', 27T), f(ov 0) =0, (58)

with ng = 62, nig = 28, mg = 70, mg = 73, Ry = 4 and Rq1g = 3. In this case the first
9 eigenvalues (w/C7s) are: 0.012460, 0.152354, 0.180237, 0.390285, 0.413282, 0.542579,
0.545055, 0.547773, 0.581044. In this case the degeneration of the eigenvalues is removed.
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Figure 2. First nine eigenfunctions of the differential operator for periodic boundary conditions.

5.1.3 Dirichlet conditions

This last case corresponds to well-known boundary conditions. It can be naturally imposed
on open membranes. The closed membrane would not admit this type of boundary condi-
tions to produce nontrivial solutions. Here we only use it for illustrative purposes. We can
see the change in the allowed eigenfunctions with respect to the previous cases analyzed
due to the effect of the boundary conditions. In particular we can observe the effect in the
behaviour comparing with respect to the restricted case. Here we set:

f(ov p) =0, f(g, 0) =0, f(2777 p) =0, f(U, 27T) =0, (5'9)

with ng = 62, nig = 28, mg = 70, m1g = 73, Ry = 4 and Ry = 3. In this case the first
9 eigenvalues (w/Cfs) are: 0.289021, 0.390560, 0.516266, 0.643088, 0.781355, 0.931779,
1.061183, 1.090063, 1.229781. In this case the eigenvalues are not degenerate.

Summarizing, the bosonic M2-brane with fluxes C'y admits an approximate QBL solu-
tion propagating on the target space. The background fluxes and hence the central charge
condition impose an important restriction on the equations such that even in the case
considered here, with no propagating symplectic gauge field, one must take into account
the multivalued constant maps X}, contributions. However, these results does not exclude
in any way the possibility to obtain an exact QBL solution for the complete system of
equations of the M2-brane with C'y. fluxes can exist, but its study is out of the scope of the
present work.
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Figure 3. First nine eigenfunctions of the differential operator for periodic boundary conditions
with restrictions.

6 Approximate solutions with a dynamical gauge field

The M2-brane with fluxes possesses a symplectic gauge field, an aspect that had not been
analyzed in the preceding sections. In this section we will discuss approximate solutions
to the problem. Firstly we search for solutions when an approximation is imposed on both
dynamical fields Z,, A, secondly we study the case in which the approximation is only
imposed to the Z, and thirdly the case in which the approximation is only imposed on the
A,. We assume approximate QBL and approximate spinning embeddings on Z, and we
analyze the allowed field configurations for A,.

6.1 First order approximation on Z, and A,

We are interested in characterize further the QBL solutions for a bosonic M2-brane with C'y
fluxes when a nontrivial A, dependence is included. As previously considered in section
5. we perform an approximation that simplifies the E.O.M.. In this opportunity the
approximation will be done on the complex scalar field Z, and on the A,. We impose the
same approximation to the one performed in section 5. In particular, if Z, = AZZ and
A, = aA, such that O(a) ~ O()), we will neglect O(A2), O(a?) and O(a.\). One can
impose the same approximation on both dynamical fields, the complex scalar field and the
A, global functions associated to the symplectic gauge field. The equations of motion for
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Figure 4. First nine eigenfunctions of the differential operator for Dirichlet boundary conditions.

Zo = Mfa(o, p) €T (3.13) in the approximation become
2, _ 2 2 2
wife =—D1 05 fc+ Do 8Upfc — Ds 6pfc. (6.1)

In the approximation the E.O.M. for the A, become simplified

10
Ay = =3 [2R2mon 02,4, — (Rom,)* 024, — (Ryns)” 2 A, (6.2)
s=9
10
_ Z R, R, [mgmragAS + nsnrﬁﬁAs — (msny + ngmy.) (93_[,145} )
s=9

With respect to the APD first class constraint of the theory, the part of the APD
constraint associated to Z, is automatically satisfied and there is a residual condition over
the A, contribution that still has to be satisfied,

10 ' '
> Re(05Army — 0,Am,) =0 . (6.3)
r=9

Considering the above system of equations (6.1) (6.2) and (6.3) and assuming an admissible
periodic regular solution for A, given by,

A, =a,sino + b, sinp+ ¢,.7 . (6.4)
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The equations (6.2) and (6.3) are satisfied for

o= (40) 1y gy T (B, 63
RlO ag ’ RIO b9 ' '

This implies that (£240) and (%) must be an integer. The central charge is given by

Rioag
the following expression
b R
= (aw _ 10) 9 1o | (6.6)
ag bg

subject to % #* bb%: to ensure being different from zero. The A, function coefficients

become restricted to satisfy the equations. Indeed a, and b, become proportional to each
other but with a proportionality constant different form one and such that its product with
the radii ratio gives an integer. The equation (6.1) now becomes expressed in terms with

2

1+ (ag) ] ,

aio

9 ag by

Dy = 2R9m9n9 1+ ailo % ;

by \ 2
1+ () . (6.7)

b1o

In principle these equations allow general embeddings with f, complex or real that

the coefficients given by

2, 2
Dl = Rgmg

D3 = Rin}

include spinning solutions, QBL solutions or spinning QBL solutions. In the following we
analyze two different cases: in the first one we consider Z, being described by a QBL
ansatz on the three complex planes. This implies taking the f, real. In the second one
Z, is describes by a spinning M2-brane on those three planes. For that case, the f, are
complex functions.

Approximate QBL solutions. The equation (6.1) for the Z, approximate QBL em-
bedding Z, = fu(0,p)e™eT . a = 1,2,3 with f,(0,p) a real function. As before it is also
described by an elliptic operator and it is completely analogous to the one solved numer-
ically in section 5. with modified coefficients D; for i = 1,2,3. It is possible to obtain an
infinite set of discrete eigenvalues of the frequency w..

Approximate spinning solutions. A second case that we analyze corresponds to a
spinning M2-brane with f, = r.e!( <7 +leP) with r. constant and A, is given by (6.4), in the
approximation considered. The system is also satisfied and for this case the frequency in
terms of the coefficients D; previously defined as

w? = Dy k? — Dy kel. + D3 I2. (6.8)

This ansatz has an associated well-defined symplectic gauge field with a nonvanishing
curvature that contributes to the energy of the system.

In summary, under a first order approximation in both dynamical variables Z, and
A, it is possible to obtain an approximate QBL solutions and spinning solutions for the
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M2-brane with fluxes CL propagating on the three complex planes in the presence of a
well-defined nonvanishing small symplectic gauge field dA field on its worldvolume with a
curvature F # 0.

6.2 First order approximation on Z

Now we impose an approximation only to the Z, scalar fields. We will analyze an interesting
case that corresponds to a membrane with different behaviour in the three complex planes
for non-vanishing A,. We denote this case by ‘mixed case’. In one complex plane, i.e.
Z1, we impose a QBL ansatz where the approximation has been imposed. On the second
complex plane Zy we assume a rotating ansatz and Z3 and X5 are assumed to be constant.
On Z; and A, in distinction with the previous subsection, no approximation is imposed.
Before the approximation we assume the following embedding,

Zy = f(O', p)eiQT7
Ty = T,ezﬂ _ T,ei(ka+lp+w7) 7 (6.9)
A, =ar0+bp+ e,

where (), the frequency for the ‘breathing’ mode of the membrane and w the rotation

frequency in principle are assumed to be different.
The E.O.M. reduce to

(Z1):  Qf == By (02f) + Ex02,f — ByO2f, (6.10)
10
(Zs) : w? =" [k(Remy + b)) — Uy + Byny)]” + [K(0,f) — U(0s f)] (6.11)
r=9
— i [k‘(f%f)(@ﬁpf) —UO21)Bpf) = k(51)(Do f) + l(aipf)((%f)] ,
(A) : 0=P,0pf0;f + QrOs fO,f — [QrOs f + PO, f] 05, f . (6.12)
with
10
By =’ 4+ (msRs +bs)?, (6.13)
= 10
Ey =2 <r2k:l +> (as + Rong)(bs + Rsms),> (6.14)
108:9
Es = r?k? + Z(nsRs + as)?, (6.15)
s=9

and P, = m;R, + b, Q, = n, R, + a,. Under the above ansatz, the APD constraint (3.15)
verifies directly, and central charge will restrict the wrapping numbers.

Approximation ‘small’ QBL. As before, we assume Z; = A\fi(o, p)e™’™ and neglect
the terms of order O(A\?). Since the f, functions modelling the QBL ansatz are coupled to

the A,, one can consider (6.12) a restriction on the equation (6.10). The equation (6.12)
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for A, the linear ansatz trivially verifies without imposing any further condition. The Z;
equation (6.10) for the approximate QBL ansatz has an analogous expression to the (5.4)
with modified coefficients F; that now also depend on A, through the a,,b, coefficients.
The Zs equation, (6.11) with the rotating ansatz can be explicitly solved for a constant
modified rotation frequency determined by the values of the winding numbers, the moduli,
the Fourier modes k,[ and the A, coefficients.

Q?f = By (02f) + B2, f — Bs02f, (6.16)
10

w? = 3" [k(Rymy + b)) — U(ay + Ryny))* (6.17)
r=9

See that due to the approximation performed Z; and Z; E.O.M. become disentangled.
There is a rotating mode on the Z5 complex plane and a ‘breathing’ mode on the Z; plane.
This solution also holds for A, = constant particularizing the frequency to the values of
E; with a, = b, = 0. The A, field generically constrains the function f allowed to model
the QBL ansatz, but the constraint disappears when we assume the approximation. The
validity of the linear A, ansatz in terms of an associated symplectic gauge field will be
discussed at in section 7.3.

In summary, the mixed case considered here for the M2-brane with fluxes allows a
behaviour of approximate QBL on one plane and rotating in other for a constant and
linear A,.

First order approximation on the A,. We have also explored other possibilities that
involve to impose the approximation uniquely in the gauge field A, for the case of a rotating
ansatz on Z, like (6.11) and a periodic regular function A, given by the equation (6.4),
and we find that the system obliges to have zero central charge. Therefore, it does not
represent an admissible solution for the M2-brane with fluxes.

7 Analytical nontrivial A, embeddings of the complete E.O.M. system

In this section we will search for exact analytical solutions of the complete system of
equations admitting a nonvanishing A, for different ansétze of the Z,. In particular we
will analyze the cases where the complex scalar field Z, is a constant, a rotating solution
or a QBL solution. In the subsection 7.3 we will discuss the validity of these solutions as
admissible components of the symplectic gauge field.

7.1 Case: constant Z,

This configuration corresponds to a supermembrane with central charges completely em-
bedded in the compact sector that propagates as a point-like particle in the noncompact
transverse space. In this case the equations of motions and the APD constraint get ex-
tremely reduced to

10
A, = Z {Frs, X°}, subject to D, A, = 0. (7.1)
s=9
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e For embeddings associated to a linear ansatz A, = a,0+b,.p+c,7 with Z, = constant,
we obtain that it satisfies the four set of equations and admits an infinite type of
solutions given by the real values of a,b,c,d € R.

o In the case of embeddings associated to a ‘separable’ ansatz A,(o.p,7) = (a,0 +
byp)T+cp, the APD constraint imposes restrictions to the equations and in distinction
with the ansatz previously analyzed, indeed it obliges Ag = Ayp with

_ ( Rgng + Ripnio ) b

= 7.2
Rgmg + Rigmio (7.2)

The system again allows to satisfy the nontrivial central charge condition since it
constrains the real coefficient appearing in the A,. In the analysis the stability of
the solutions was guaranteed by imposing the equations to be preserved at each
order of time 7. This stability criteria restricts enormously the possibility of having
polynomial ansétze of higher order in 7.

e One can analyze other solutions associated to the A, gauge field: in the case of
QBL ansatz or a spinning one on the Z,, the first class APD constraint imposes
a vanishing central charge. Modifications of the preceding solution like for example
Ag = r9(0, p)cos(Q1), A1g = m10(0, p)cos(2T) with rg # rio impose a zero frequency 2
and then constitute a subset of the first case analyzed for ¢, = 0, and with Ag = Ao.
It trivially implies a vanishing central charge.

7.2 Case: spinning membrane with nontrivial A, field

As we have already discussed in section 3. there exists a subset of exact spinning M2 brane
with flux solutions with constant A,. Now we will generalize this result to include solutions
with nontrivial A, configurations. Imposing a rotating ansatz on the complex scalar fields
Z, with a nontrivial A,

Zo(T,0,p) = reePa(moP)  with a=1,2,3;

7.3
Xy (1,0,p) = Ry (nyo +myp) + ¢7 + A (7,0, p), r=9,10. (7.3)

The precise equations of motion that one has to solve correspond to those shown in the
appendix, once that f,(o, p) = reeiFa%atlar)  As we have seen the system of PDE is very
complex, and the constraints restrict enormously the possibilities to obtain nontrivial solu-
tions. However we find various interesting cases that solve the system. They correspond to

e The linear embedding case, A, = a,0 4+ b,p+ c,7: these embeddings satisfy automat-
ically all the set of equations fixing the frequency of the rotating ansatz w. to the
following value in terms of the coeflicients n,., m,, kg, lq

10
w2 =12 (kela — lcka)? + Y [R(miske — ngle)+(kebs — leas)]” . (7.4)
s=9

a=1

o The ‘separable’ embedding case A, = (a,0 + b.p)7T is more subtle. It requires to
impose stability of the solutions such that the time dependence 7 is cancelled order
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by order. This fact restricts enormously the equations allowed imposing also relation

between the coefficients. .
ag aio c

=" =_——=2=, 7.5

X bg  bio e (7.5)

The APD constraint again imposes restriction when we apply the condition (7.5)

(xmio — nig) = — (xmg — ng) , (7.6)

in such a way that there is a nontrivial relation between the coefficients of the complex
variables Z, and those of the gauge field. Imposing (7.5) and (7.6) the frequency
acquires the following value,

b 2
o = 2R (o — o) | () 1), (r.1)
10

satisfying the central charge condition.

e Other ansitze have been also explored: for example a rotating or QBL ansétze on
the A, are not allowed since they imply the vanishing of the central charge condition.

7.3 The symplectic gauge field

So far we have analyzed several scenarios in the presence of different ansétze for A,: a
constant, linear, separable, or regular periodic embedings. We have also commented that
the QBL ansatz and rotating ansatz for the A, are not allowed since they imply a vanishing
central charge. The symplectic gauge field is defined in terms of these functions A, (o, p, 7).
Indeed it corresponds to A, = 9,A,doc®. However in order to be well-defined, it must
correspond to an exact one-form, whose symplectic curvature is topologically trivial. This
property that characterize is relevant for the quantization process in the bosonic and the
supersymmetric spectrum analysis. The theory acquires a new single-valued dynamical
degrees of freedom associated to a symplectic gauge field.

Clearly, the constant case and the regular periodic ansatz A, = a,sino + b, sin p+ ¢, 7
are single-valued with an exact associated one-form. The regular periodic ansatz implies a
well defined symplectic gauge field A = dA but it only satisfies the system in the approx-
imations for the embeddings discussed in section 6. The constant ansatz of A, trivially
implies a vanishing symplectic gauge field.

However, the case of the linear and separable A, ansédtze are different. They satisfy
approximate equations of motion like occurs in the mixed case discussed in section 6.2.
They also satisfy exact analytical solutions to the fullfledged system of equations -where
no approximation is imposed- for a constant and rotating Z, embedding. Nevertheless,
they have an associated multivalued one-form A and hence it cannot be interpreted as an
admissible symplectic gauge field. In other to correct it, the first thing to do is to impose
periodicity on the A, function in order to be single-valued. Let us consider the linear case
to illustrate it. We define the function as follows ,

Ay =a,0 4+ bp+ T +dr — 2mapsi(0) — 2mbypsa(p), with o,p € 27i,2n(i+1)] (€ Z.
(7.8)
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We have now a piecewise linear function that corresponds to a sawtooth wave where s; (o)
and s;(o) represent the step functions. The function now is single-valued and periodic.
However in order to be an admissible component of a symplectic gauge field, its associated
one-form A, must be exact. That is, it must verify that

7{ A= ¢ dA, =o, (7.9)
s Cs

with ¢, the homological one-cycle basis of the target space 2-torus. Since the function A,
is single-valued but not regular, its derivative contains infinite delta functions,

dA, = 0,Ardo® = a, (1 — 2mm(0))do + by (1 — 2mm(p))dp, (7.10)

being m(x) the shah function, also called Dirac comb,

+o0 too
m(o) = Z 0(o —2sm), m(p) = Z d(p—2qm), ¢q,s€N. (7.11)

S=—00 q=—00

Clearly, the exactness condition (7.9) cannot be achieved for any value of a,., b,. Conse-
quently the symplectic curvature is also topologically nontrivial, something that is excluded
in the present theory. Furthermore, the deltas would also appear in the E.O.M. with no
clear interpretation of its meaning in terms of sources in the context of this theory.

In spite of these illnesses, one could try to define a regular associated field strength F
associated to the linear A,. Since its generic structure has the following form

Fy10 = fo0 + Bdé(o —2m) — Co(2p — 2m) + Dé (0 — 2m)0(2p — 2m), (7.12)

this could be achieved by imposing the coefficients B = C = D = 0. For the case of the
linear ansatz previously discussed, the coefficients can be explicitly computed

fo,10 = Ro(ngba — mypaz) + Rig(niob1 — mioar) + (azbi — a1ba),
B = 21[Rymgas + Rigmioar — (a2br — a1b2)],

C = 27[Rgngby + Rioniob1 + (agby — a1b2)],

D = 47*(aghy — a1by),

(7.13)

but even in this case the vanishing of the non-regular part of the field strength automatically
implies a vanishing central charge. Anyway, as we have already discussed, the linear A,
embedding does not represent an admissible degrees of freedom.

The case of the separable ansatz on A, is even worse because of its time dependence that
makes the associated one-form dA, to have a Dirac comb function for each time. Therefore
although this solution mathematically satisfies the complete system of equations, it does
not represent a physical solution.

Fourier expansion. It is possible to obtain an approximate solution to the complete
system of equations with a well defined associated symplectic gauge field. It corresponds
to approximate the sawtooth function representing the A, linear solution of (7.8) by a
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Figure 5. Expansion of the approximated function in one variable to order N = 4, M = 4 with
ar = b, =1 and d,, = 0, for a fixed time such that ¢.7 = 1. Blue colors represent the lower values
of the function.

truncated Fourier series in the multivalued functions in (o, p), see figure 5. The coefficients
of the expansion depend on a,, b, as follows

>, () L, (D™
Ao, p,7) ~ Y 2aTT sin (no) + Y 2b, sin (mp) + ¢,7 + d, , (7.14)
n=1 m=1

for N, M arbitrarily large finite numbers. For example see the figure 5. for the expanded
function to N = 4 and M = 4. In this case the function exhibits n x m local minima
on each period. This solution automatically fulfills all of the conditions of periodicity,
single-valued and an associated exact one-form, required to define properly the symplectic
gauge field and consequently its associated curvature. The equations of motion are then
approximately verified, with the approximation being better as the number N of considered
terms becomes higher but finite in the Fourier expansion.

8 Discussion and conclusions

We have obtained solutions to the classical equations of the bosonic sector of the supermem-
brane theory formulated on Mg xT? in the presence of a quantized constant C background.
This non-vanishing constant three-form background induces a two-form flux in the target
space that generates a worldvolume flux corresponding to a central charge condition. This
condition has a topological nature, it is associated to the presence of monopoles on its
worldvolume whose first Chern class characterizes the central charge integer. The so-called
central charge condition is also equivalent to impose a nontrivial irreducible wrapping con-
dition. It also exists a symplectic dynamical gauge field A, defined on the worldvolume
whose components are specified by the derivatives of the global functions A, discussed
along the paper. The particularity of the associated supermembrane on this background
is that its supersymmetric description exhibit a purely discrete mass spectrum with finite
multiplicity. The dynamics of well-defined quantum sectors of M-theory have not been
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previously studied. Classically, the M2-brane with fluxes does not posses string-like con-
figurations with zero energy cost and it is stable at quantum level. Hence the dynamics
of the solutions describe an stable extended object. The solutions to the equations of
motion of the M2-brane with fluxes are highly constrained because of the area preserving
diffeomorphims and the flux condition. In spite of this, the mass operator of the bosonic
M2-brane with fluxes for the particular spinning ansatz considered in section 4., when A, is
assumed to be constant, contains the energy operator obtained in [20], hence the rotating
membrane solutions found by the authors that also satisfy the central charge condition,
are all M2-brane with fluxes solutions. We ave also obtained directly these solutions at the
level of equations of motion of the M2-brane with C4 fluxes.

For A, constant we also explore ‘Q-ball like’ (QBL) ansatz modelling the scalar complex
variables. We obtain that in the absence of a worldvolume gauge field and approximating
the QBL equations to first order, the E.O.M. describing the membrane admit an infinite
set of solutions parametrized by a discrete frequency. We numerically obtain the first nine
eigenvalues and eigenvectors, for different boundary conditions. The first two boundary
conditions corresponding to a periodic, and restricted ones are admissible for the toroidal
membrane considered. The last one although it is an admissible solution of the PDE is not
natural on the compact membrane. It is analyzed with illustrative purposes to compare
the difference in the breathing dependence of the membrane with the boundary conditions.

We also find that is possible to obtain a QBL solution and a spinning solution with
non-vanishing gauge field when the analysis is performed by imposing approximations to
second order in the parameter on the dynamical scalar fields Z, and A,. Under these
approximations we obtain solutions for a regular periodic trigonometric embedding A,
that has a well-defined associated symplectic gauge field. We also consider less restrictive
cases when the approximation is imposed in one of the two dynamical fields: we consider a
mixed case in which all Z, behave differently, one is assumed constant, other rotating, and
the third one that behaves with an approximated QBL ansatz, in the presence of a non-
vanishing linear A,. On this mixed case the system of equations is satisfied. The motion
in the different planes decouples in the presence of the linear A,. In the second case, the
approximation is imposed only on A,. We consider a regular trigonometric embedding for
the A, with Z, a rotating ansatz and the system only admits zero central charge and hence
it does not represent an admissible solution to the M2-brane with fluxes.

In the cases in which no approximation is considered and the full-fledged equations
are analyzed we obtain analytical solutions for the constant and rotating scalar complex
field with simple polynomial embeddings A,: linear or ‘separable’. The APD and the
topological constraints restrict enormously the embeddings allowed. An stability criteria
on the solutions was imposed to guarantee that solutions are preserved at any time. This
criteria is automatically fulfilled in the case of the linear ansatz on A, but for the separable
case it is only achieved when the coefficients of A, are restricted by a relation given by the
wrapping numbers and the radii of the 2-torus.

These linear A, solutions are redefined in terms of a sawtooth function to guarantee
the single-valuedness, but its derivative contains infinite number of deltas that renders the
associated symplectic gauge field multivalued, an aspect that excludes them as suitable
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solutions. This solution to the complete system of E.O.M. can be approximated by their
associated Fourier series truncated to a finite order. The approximation becomes increas-
ingly better as more terms are included with N restricted to be finite. The ‘separable’
solution in spite of solving mathematically the system of equations does not admit an
approximation to provide a sensible physical symplectic gauge field.

The results that we find do not exclude the possibility of obtaining exact and stable
QBL membrane solutions with and without gauge field for the M2-brane with fluxes but
its analysis out of the scope of the present paper. The existence of exact spinning solutions
with a nontrivial symplectic gauge field seems strongly disfavoured as an exact analytical
solution. It could be that an underlying topological obstruction is behind this result, or
that the assumption of rotation independence on the three complex planes is too restrictive,
even the number and topology of the compact space dimensions may also play a role. In
this paper we were interested in characterizing the spinning membrane solutions in the
presence of flux Cy. on Mg x T?, other ansétze for the Z, complex scalar functions, different
to the ones analyzed in more general backgrounds, may admit exact symplectic gauge field
configurations. These type of solutions deserve further study beyond the approximations.
We plan to extend these results and analyze them in more interesting backgrounds.

One last comment is in order: it is well-known that accelerated point-like charges
always radiate even in the absence of any external field, but this is not necessarily the case
for accelerated extended charges, [37, 38], or for stationary spinning solitons [39]. Hence,
it is important to establish to what scenario our analysis corresponds. The solutions we
find are stationary, in the sense that they do not generate any kind of bremsstrahlung or
radiation effect. One type of solutions is spinning and the other non-rotating Q-ball-like
type. This nontrivial fact can be understood in the following way: as previously stated
in section 2, we characterize the dynamics of an 11D Supermembrane’s bosonic sector
in a probe approximation described in three different but equivalent ways: a) when it is
irreducibly wrapped around the compact sector and propagates in a flat target space, Mg X
T2. b) when it has a topological monopole charge in the compact sector and propagates in
a flat target space Mg x T? and c) when the M2-brane propagates on a background with a
constant and quantized supergravity three-form on My x T2. All of them share the same
Hamiltonian and mass operator modulo a constant and the same equations of motion.

In the first scenario, it is clear that a single spinning M2-brane that wraps irreducibly
the compact sector, does not emit any kind of radiation nor presents any energy loss.
Its center of mass, described by the zero modes, decouples from the nonzero ones and
propagates as a free particle with a constant speed on Mg x T2. Its momenta, angular
momentum, and energy are conserved. Their spinning solutions -in the absence of gauge
fields- were characterized by [20], and we reproduce the subset associated with the central
charge condition. Since in this case, there is no energy lost, the same holds for the other
descriptions, since all of them are equivalent.

Lets try to explain better why this is the case: in the case of a M2-brane with a
monopole charge, this monopole is associated to the compact sector and furthermore the
monopole does not rotate. The spinning solutions that we find are described by the complex
embedding maps associated with the non-compact sector. The topological U(1) monopole
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present in the M2-brane that we discuss has no dependence on time and it is characterized
by its first Chern class. It is associated to a U(1) connection A constructed in terms of the
harmonic pieces of the compact sector embedding maps which do not depend on time, only
on the spatial worldvolume coordinates and with Ay =0 by gauge fixing. Hence, there is
no radiation associated with the monopole charge. The monopole condition we consider is
completely equivalent to the central charge condition associated with the irreducibility of
the wrapping of the M2-brane on the compact sector [27].

The third description is for spinning solutions associated with an M2-brane on a con-
stant and quantized supergravity three-form C3 on Mg x T2, which induces 2-form fluxes
Cy. This background is the asymptotic limit of the supergravity background found by [29]
generated by an M2-brane source. The probe M2-brane that we consider is not charged
under the C3 potential since the charge associated with the background [29] vanishes in the
asymptotic limit and any probe must be consistent with the background. Hence, the pic-
ture we analyze corresponds to an uncharged spinning membrane propagating on a constant
quantized three-form (vanishing 4-form flux) on Mg x T? which do not generate any kind of
backreaction. The theory is exactly equivalent to the previous two descriptions discussed,
since it is connected to them through a canonical transformation modulo a constant shift.

When a gauge field is present, which is the most general case, in any of the thee
previous descriptions, we have found some approximate spinning solutions, see for example
6.1, and 6.2. The symplectic gauge field is described by A = dA with A,, for r = 1,2 the
single-valued compact piece of the embedding map components. See that in this case, the
symplectic gauge field has no time dependence either for the solutions found, since A, are
linear in time. The remaining component in the covariant description Ag = A with A the
lagrange multiplier, is zero by gauge fixing as explained in section 2. Since A, (o, p) do not
depend on time either, then the associated Fp, = 0 and consequently, it cannot lead to any
fluctuation in the symplectic gauge field. Since the symplectic gauge field strength F is
equal to a topological trivial U(1) gauge field F U(M) = F, the same argument holds. Hence,
there is not any kind of energy loss in agreement with the equivalence with the previous
discussion in the absence of a dynamical gauge field.

Interestingly, our analysis show certain resemblances with the results found in [39] in
the context of a non-abelian gauge field describing stationary spinning soliton solutions.
These are obtained when some conditions apply that also hold for the solutions that we find:
the presence of several complex scalars parametrizing the rotation with their dependence
on time entering through a phase, constant in time gauge fields, and axially symmetric
solutions with a finite energy. For those cases they find several admissible solutions. An
extension of this work in which we are interested is the search for 4D stationary soliton
solutions of the M2-brane. It would be interesting to see if for more general cases, there
exists any connection with the type of solutions found at effective energy level in [39].
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A Explicit E.O.M. for the rotating ansatz

The E.O.M. for A, with r,s =1,2 and r # s are,

3
it ( S n§R§> DA, + (~non ReR,)OA,
a=1

3
+2< —mgnsRI =Y kazar§> 0p05 Ay + Ry Rs(+1,ms + myns)0,0,As

a=1

3
+ < > i+ m§R§> 0505 Ay — (Myms Ry R)0y 05 Ag

a=1
+(—nsRs0sAr — np R0, A5) 05 A + (204 Ry) (05 A5) 05 A,

+(—2nsRs0,As — 2msRs0y Ag)0y0, A,

+(nsRs9, Ay + 1, R0,y Ag + mgRsDy Ay + My Ry Ag)0p00 As
+2(msRs0,As)02 Ay + (—ms R0, Ay — my R0, As) 050y As
—(0541) (05 As) 03 As + (05 As)? 02 Ay — 2(0,As) (05 As) 050, Ay

H(0pAs05 Ar + 0y Ar0y Ag) 00, As + (0,A5)202Ar — (0,A,0,A5)02A5 =0 .

For Z.
3
—w? + > 72 (kale — loke)® + RE (nole — moke)® + Ry (niole — mioke)?
a=1

+k2[(8pA9)% + (9,410)%] + 12[(95-A9)* + (85 A10)?]

—2kele[(0pA9) (05 Ag) + (0pA10) (95 A10)]

Hilke(0y AgD2 Ag + By Ar02 Arg — Dy AgDs Dy Ag — By A100s 0y Arg)

1 (05 Ag0p05 Ag — 0y A1005,0,A10 + 0, Ag02 Ag + 0,A1002A10))]
+2k.Rg(kemg — ngle)0,Ag + 2k Rio(kemio — niole)0pA10

+(—2kemg Ryl + 2ngRyl?) 0y Ag + (—2kemioRiole + 2n10R10l2) 95 Aro

+ilkeng Rg0,0,A9 + keni1oR100,0,A10 + (—kemo Ry — lcngRg)050,Ag
+(—=kemioRi0 — len10R10) 050, A10 + lemy R905;05 Ag + lemio R100,0, A1) = 0 .

The APD constraint once the rotating ansatz has been substituted becomes reduced to

(05 Ar0, X" — 8,A,0,X") + (05 Ar0, A" — 8,40, A") = 0. (A1)
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